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Survey of holomorphic homotopy theory
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M=

AFIZEZOEMTH 2 L L BERMHTICE T 5+ € b+ € —7Fi (holomorphic homotopy
theory) IZBJ9 % Léarusson i [5, 6, 7, 8, 9] 2, REAR M CR7-AERZ GNP L TE L Ok
bDTHS. FHHEHNE, Tho 2D XDBIKICH % “the Oka principle is about fibrancy
in suitable model structures” &> Lérusson D FxBfET 52 L TH 5.

1 What is the Oka principle?

BORE & 3EEENICE 213 TStein Z8EIE EOFENTIN 22 MBI MR 2 BEE L vy 2w
bOTH Y, MEOH I i (1939) iz X T 5. Z O HIE Gromov (1989) 12 & % TR MNT
BT SHE FE—FHH L) BIR%Z R T, Forstneric ¥ Larusson 512 X o CTHIZHEADEGR~ &
FEHEL 72, FEL WSRO FEO IO WX, MERARICET 2E—0lETH 2 [1] 22HE
N, DT TRIOFFICEIT 2 E2HENRTH 2 (59) MEERIES (59) MEBR O % fiHic
HET 2. 26 id Stein ZEkAD S DGR FI 22T LI L dbDE L TERINS. AfE
7l L CHEBL IR AR 0N LIRS 2 wb 02 2 MG RO ¢(X,Y) PIEAE
BRo%EM O(X,Y) i2ida v 87 bRMHZE AN S 2 L T 5.

EE 1.1. @ELSREOHDIEMEHR 7Y — B PBEABHTSH 3 & 1d, fEED Stein LEkF X 12
KU TROZSMDBRD LD &2

1. 7. : O(X,Y) = O(X, B) % Serre fibration.

2. 0OX,)Y) = {fe¥X,Y):mofeO(X,B)} % weak homotopy equivalence.

FTEELREY DBRASHETH L LIZY — « DM THS I L LTS (x 1d singleton). F Wit
2% L AEED Stein ZHkfE X I/ L TEE O(X,Y) — €(X,Y) »% weak homotopy equivalence
ThHHEN)ZETHS.

T 1.2. WELHKAROMOIENE®R 7Y — BORABKRTH 2 L 13, [LED Stein @& 1 : X' — X
(Stein ZHERMIADBIDPHELDIAZ) 120 L TRD SR DT Lz )



L. (m,0*): O(X,Y) = O(X,B) xg(x/,By O(X',Y) % Serre fibration.
22.0X,)Y) - {f e ¥X,)Y):mof € OWX,B), fore O0(X",Y)} ?» weak homotopy

equivalence.

FERLREY PESKRETHILIZY -« BMTHEILETE. FIRA 2 &, EED Stein
e X > X ITHLTasE 0X,)Y) = {feC(X,)Y): fore O(X',Y)} ¥ weak homotopy
equivalence TH 5 &) 2 L TH 5.

BRI I3 % B REREERDSH 5 2 LD 6N TV S (cf. [1, §5.15]). KiZZ DT b Hifll
bDTH .

EIE 1.3 (cf. [1, Proposition 5.15.1]). HEZHAE Y 2MTH2 I L &, (ERD n e N & izl
WRLILRIE X C C? It L THIRE®HR 0(CMY) - O(X,Y) 28 Th 5 2 LIZFRETH % .

i IR CTdH 2 72 0 DEAM AN 2+ £ L T Gromov O ellipticity & MEIXN 2 b D23H D
(cf. [1, 86]), 2N H\V 2% Z & TH ZITHE Lie HOHEFEHLSKREDMTH S 2 L2330 5. %
7REN L MGEHEOH E LT, MEREZ 7 7 A N—LT2IEH 7 7 A N—{HBEF 515 (cf. 1,
Corollary 7.4.5]).

Lérusson (3 FTEHAL MR EFE P E—in s DRVERZ -#HDOWI% [5, 6, 7, 8, 9] THEL, K
WD 2 € T VEOPSHAICHNG 5 2 IR L7, LR TR Zn s ol Z2El L, “the Oka
principle is about fibrancy in suitable model structures” & \»9 Larusson O FOME%E Hi5 .

2 ERSHEEOBEDEHRAS M < Setsn”

M THEZSREOBE 2R T, HELRE XY oMo EHIEROZEM 0(X,Y) O singular set
Sing0(X,Y) € 8eta Z Mapy(X,Y) €952 &TM % simplicial category & H.5. [ JFEH &
D B\ 7OV % £5O simplicial model category 12 M Z &AL O NHETH 5.

Stn T Stein ZHEAED 5 7% %5 M O full (simplicial) subcategory %79 #if§ Stein ZHRIKIZHEE
Euclid ZZfEICHEDIA 415 DT Stn 1F essentially small TdH 5. simplicial functor §tn°® — Seta
D 7% ¥ simplicial category Set3"”” %% Z %. enriched Yoneda lemma & D L&D X € Stn &
F € 8et3™™ ITR L Seta I2EB 2 HARFR

F(X) 2 Mapg,ser (Mapy(—, X), F)

3% % DT simplicial full embedding $tn — 8etS™™” 2% X s Mapy(—, X) K& W EE 3. ZhoD
& B 745 M — Set3™™ 1354822 @ monomorphism (b & %A X 73 Stein 7 5 isomorphism)

Ma’pM (X7 Y) — Ma’pSetZ“‘Op (Ma’pM (_7 X)? MapM (_7 Y))

57, M % Set3™” 1T simplicial ICHl@iATy. 2 DHLDIAAZDS full TH 2D 1A TR,
RD K9 550K T full embedding TH 5.



8 2.1 ([5, Proposition 4.2]). SetS™™” 12K 1F 2 HELME X,V OMOEEOH 7: X Y %
vertez level ICHIR L7z 0(—, X) —» O0(—-,Y) BH2IEHIEHR fe 0(X,Y) Ik HEZoNn5. D
E DA M — 8eti”” — 8etS™”” 1% full embedding % 5% % .

EE 2.2, L0 X ) RIOARA M — SetS™ 2 EZ M2 T IS 5:

(1) presheaf ##% 2 2 BiH: 8% complete 2> cocomplete 12T %72,

(2) simplicial presheaf Z% 2 2 #H: Stein @& 1d cofibration 127> TIE L £ Stn Lo (ZE[HIfEHZ
£i) presheaf D& T objectwise cofibration % 5| E#d Z 3 & R 2 DIHLRTH %23, topological
presheaf 2% 2 % &L TR D Llcewvwizo. HlzX 0(C\ Z,{1}) - O(C\Z,C*) &z 5 L
Serre %> Hurewicz D IR D cofibration 12137 & 2\ (IO D FE22 B EE 4 H3FF Al GLAE O S 1K
FEFS, ROV RIAHEVPEEL B\ ®). L L singular set 2 & % & Seta D cofibration 127
5. ¥F7ZDXHIZLTH Serre fibration $ weak homotopy equivalence DIE#H I T b I\,

(3) simplicially enriched presheaf Z% 2 % #: 27 < &b Stein ZHRENERIKTH S LI &% &
Z A full IZHDIAARTZWDY, enrich STV 722\ functor DB TIERHDOHEZ X 2\ 7.

3 SetS™” METIVEEE EBFRL: projective, injective, intermediate

A% LT Seta 121F Kan-Quillen € 7IVEREZ T 2 AL 2 EI2T 5. €T IVEO—GmD &
DIFD® FAREED SetS” Ricfton s,

g 3.1 (cf. [10, Proposition A.3.3.2 & Remark A.3.3.4]).

(1) Setitnop IZ1E weak equivalence & fibration % objectwise \CE® 5 Z LT, proper combinatorial
simplicial model structure A% . 4% (global) projective structure & W33,

(2) SetSAt“Op IZ1E weak equivalence & cofibration % objectwise [ZE® % Z & T, proper combinato-
rial simplicial model structure DA% . Z#% (global) injective structure & -5,

ER 3.2, fLE D Stein ZHk{A I projective structure 12BJ L T cofibrant %> fibrant T®H % 23, —
%12 injective fibrant (2137 6 722\ (cf. HEE 3.10).

Stn 12 Grothendieck fizfH% A41TC simplicial site &% %, left Bousfield localization % 3 % Z &
C local model structure ZfE%. 2% 1 cofibration 134 2 31 weak equivalence 23§57, Stn E
@ Grothendieck 7t (i.e. &€ F E—E hStn L=® Grothendieck fiiff) 1, X € Stn 12X} L T
X %98 T 2 OAADIEDFE FE—HH%E X D covering L THZETEEFLDDET S,

E# 3.3 (local weak equivalence). 8etS™” D% f: F — G %% local weak equivalence Tdb % &1,
LIBT3 F & G OERBOFEFE—FHOMMZ [ 238 2 &2 (cf. [13, Definition
3.3.2]). UKD local right lifting property & FHfETH %: LR D Stein kA X EEED Seta



T a[ X

OA" —— F(X)

|

A" —— G(X)

WXL T, h8tn TD X D dH % covering sieve R WHEFEL T R DR ZRETH2EED Stn D&
S X IIHLTUTDOE)RY 7 LT 5:

OA" —— F(X) —— F(S)

||

A" T G(X) — G(S)

EM 3.4 (cf. [13, Theorem 3.4.1, Proposition 3.6.1]).

(1) Set‘zt“op IZ1d local weak equivalence & projective cofibration \Z X O proper combinatorial sim-
plicial model structure B’ A% . Zi1% local projective structure & IS5,

(2) 8et3™™ 121X local weak equivalence & injective cofibration (monomorphism) 2 X Y proper

combinatorial simplicial model structure DA% . Z 1% local injective structure & "33,

KIZ Stein &Y cofibration 1272 % X 9 i/ model structure ##% 2 5. Z#id cofibration
23 projective structure & D % <, injective structure & H 472> intermediate %2 b DIZ%2 5. FEH
Co % Steind@& X' <X En>0I1289 3% SetSAtnop N @ monomorphism

X X 0A" Ux/woan X' ' x A" - X x A"

Po%b5bDETE. . n=0% X =0D562%25Z LT Cy P Stein @&, projective
structure @ generating cofibration X x 0A"™ — X x A" &8 2 &30 5.

EE 3.5 (intermediate cofibration). C' % Cy ® saturation (Cy % & # pushout, retract, transfinite
composition THL T 2D Seti™™ DHf D7 7 2) L3 2. C DA% intermediate cofibration
EWES. 2 Cp DY D pushout @ transfinite composition @ retract & L THEHIT 5.

EH 3.6 ([6, Theorem 13, §22]).

(1) SetgAmop 121X objectwise weak equivalence & intermediate cofibration \Z XV proper combina-
torial simplicial model structure D> A\%. % intermediate structure & FESS.

(2) Set‘SAtnop 1213 local weak equivalence & intermediate cofibration 12 X V) proper combinatorial

simplicial model structure B’ A%. Z41% local intermediate structure & W33,

C DEBDFE X Jardine [3] 12 & % (site 2% discrete 2354 D) intermediate structure D FEED
AR & RRRTH 5.



W@ 3.7 (intermediate fibration DRFAFIT [6, §22]). SetX™™ D F — G #% intermediate
fibration THHZ L &, FERED Stein ey X' — X LEED n>0 18T 5

X x Ap Uxrxar X' x A" — X x A"

WZBY L T right lifting property Zz b2 LW T E LAfETH 5. I 51T, LDOEDHIT intermediate

generating trivial cofibration & 7% 5.

DIFCIE ETEAL € 7IVIEEICE T % weak equivalence & cofibration 238D & 9 %2 b DTH
202 % iR % (fibration 122 TIER i I % ).

n RICHEK B € Stn WKL, fEEOS + — B® BEEML 77> arvoagThh, F c
SetS™™ TR L F(x) — F(B™) 1& weak equivalence 127 5. T EALEOWEDS B” 12 X 20 %
LbOZEDPSRDRES. 27 L T :8etS™” — Seta, F s F(x) = Mapg,gimer (*, F) 13 (simplicial)
global section functor % 7 .

R 3.8 (local weak equivalence DFFAF T [6, §4]). SetX™™ D& f: F — G % local weak
equivalence TH 5 T L &, Seta DI T'(f) : I'(F) — T'(GQ) 2% weak equivalence T % Z &I [FfET
H 5. FHIEHEZELRE OB D IERIEED local weak equivalence TH % Z & & homotopy equivalence
ThHsH I LIFFAETH 5.

8etS” DT DG IZ injective cofibrant TH 2. F7E#HD 5 Stein £ kAL projective
cofibrant T ) intermediate cofibrant Tdb %23, firdd 2.1 25 2 & T [7] T b I N7,

EHE 3.9 (cofibrant DFHEN T [7, Theorem 6]). #EFELRAE X 128 L TRIZFIME:

1. X & intermediate cofibrant.

2. X & projective cofibrant.
3. X % Stein ZERIE.

intermediate cofibration 1272 2 IEHIE 441 Stein @& & BUFHIEHROATH B LEZ SN T WA,

JEE 3.10. =D ® local model structure 32 TH7% 5. £ D I holomorphically contractible 7
DO THITH D EH 5.1 £ D local projective fibrant Td % %3, Liouville DEH X ) D IERTIE %
{ % 5.6 XD local intermediate fibrant Tlx 7>, 72 C 127D T% 5.6 £ D local intermediate
fibrant T& % %%, local injective fibrant TldZe\>. X DR LB D IERITCOEE LR Y 23 injective
fibrant T3 7 \» Z £ 23, injective trivial cofibration D < 2D ##& 2 5 2 &£ THHN 5.

4  Setp &® simplicial Quillen equivalence

simplicial functor II : Set¥™™" — Setd"™, F s II(F) = Mapg,, (Sing(—),I'(F)) %% %
5. ZHUF IIoll =11 ZWiZd (DX VWHFTH ). £ 7% simplicial natural transforma-



tion 7 : idgegemer — I 2% F € Set™, X € Stn AL (nr)x : F(X) — (F)(X) =
Mapg,;, (SingX,I'(F)) % F (12 & % SingX = Mapg,,(*,X) — Mapg , (F(X), F(x)) {ZXfi
T5DELTEDSND. Hf nupy = (np) : I(F) — I2(F) = I(F) A idppy EFLWI LI
FEEYT%. £ T(nr) =idrp) DT e : F — II(F) ¥ local weak equivalence TH%. % 4.2 T
THr5 2 LRI & n i functorial 7 localization ([2, Definition 3.2.16]) 252 5.

W 4.1 ([6, §6]). SetS™” 121 =2 D local model structure D\>FNhp%E ANS. ZDEEZRD

simplicial Quillen equivalence M3 6415 :
op T
8et3™” — Seta
H|SetA

SERR. Set3™” DILEOH f: F — TI(K) 1&

F
UFl
I(f)

(F) —24 11(K)

k)

N(K)

ERRT DT fUXTI(f) OREING. FLINETF) - TI(K)) = K »6i5E I Tw»
%. 205134 T simplicial ICHATH 2D T (T, |set, ) & simplicial adjunction T 5. Quillen
adjunction TdH 5 Z & 1I, EED 65 T ¥ injective cofibration (resp. local weak equivalence) %
Seta TD cofibration (resp. weak equivalence) 129 29 Z &2 549 (projective cofibration I
injective cofibration Tb & 2 Z LICHER). £7 np : F — II(F) 2% local weak equivalence T&H %
&5 F — II(K) %% local weak equivalence TH % 2 & & II(f) : II(F) — II(K) %% local weak
equivalence TH 5 Z LIZFAETH 5. A 3.8 L D, T3 T'(F) — K ¥ weak equivalence TH %
2 L EFECH 5 DT (T, |ser,) & Quillen FETY & 3. O

C D@D 5 ger, 13 Kan fibration % local injective fibration (236 %. FfIC fibrant K € Seta
(23X LT Mapg,, (Sing(—), K) 1& local injective fibrant T&b % D TR0 %.

F 4.2. T(F) 2 fibrant L5 X9 7% F € Seta WAL T np : F — II(F) & functorial 7%
local fibrant replacement #5-2%. SVHZ 5 &, ZD X 5% F 12N LT np & functorial 72
localization % 5 2 % . FHCHEELRRE X TN LT nx : X = I(X) & Set3™ @ local injective
model structure \ZB43 % X D cofibrant-fibrant model %52 % .

i 4.3 (cf. [6, §7]). =D D local model structure D WTNPTEZ 5. T'(F),[(G) »° fibrant
Eh2bDDMD 8t @ global fibration f : F — G XL, f 7% local fibration T»H %
L&, F — G X II(F) % objectwise weak equivalence Td % Z EIX[FEMfE. i< global fibrant
F € 8et3™™” % local fibrant TH 5 Z & & np : F — TI(F) 2% objectwise weak equivalence T %
Z LIEIFMAE.



SEEH. % 4.2 X h XXX f D localization #5-2 %

F G
o
11(f)

II(F) —=1I(G)

f

ZDEZE f Wlocal fibration TH 5 Z & &, LD global structure ¢ homotopy fiber square
TH5H I EIZFAMETH % (cf. [2, Proposition 3.4.8]). ZT#ld F 6 II(F) — II(G) + G D
homotopy pullback ~® H A % & 2% objectwise weak equivalence £\29 Z & ERLUTHS. Lo
L4 I'(F) — I'(G) 13 Kan fibration TH % DT, LD Quillen [FfE7> 5 TI(f) & local fibration
Td D FFIT global fibration Td %. - T homotopy pullback I objectwise pullback & H#AIZ
objectwise IZ weak equivalent T& % (cf. [2, Corollary 13.3.8]). O

5 Oka principle = fibrancy
5.1 weak Oka property = local projective fibrancy

EHE 5.1 (weak Oka property = local projective fibrancy [6, Theorem 11)). IERIG4 = :Y — B
DT 5 Z & & local projective fibration TH 5 Z L IX[FAMETH 5. FICHIELRIED T TH
% Z & & local projective fibrant TdH 5 Z L IZ[AETH 5.

SEBH. @i 4.3 X D 7 %% local projective fibration TH % Z & 1%, fEHE D Stein kA X 123 LT
RD MBSO Z & EFETH 5

1. Sing0(X,Y) — Sing0'(X, B) %' Kan fibration.
2. Singd(X,Y) — Sing0' (X, B) X Maps. , (SingX,Sing B) Mapg, , (SingX, SingY’) %° w.e.

Mapg, , (SingX, SingY’) = Sing%(|SingX|,Y) %% Sing?(X,Y) ¢ Hx T b E—[AETHL I L E
29 LR¥FIF O(X,Y) = O(X,B) Xex,p) €(X,Y) % weak homotopy equivalence TdH % Z &
EFETH 2. fEoTINSDEMFIEFTETH S 2 DM (EK 1.1) LHETH 5. O

Toén-Vezzosi [13, Corollary 3.4.7] 12X % & F € 8et3™”” %% local projective fibrant Tdh % Z &

&, objectwise fibrant 7> stack T % (hyperdescent condition [13, Definition 3.4.9] % i 7z §")
ZEIXFEETH 5. EHHELHEIRIT objectwise fibrant 72 D TERE 5.1 2> 5 RHDBHES .

% 5.2 ([6, Theorem 9]). HELEAEDGMTH 5 Z & & simplicial Stein site Stn LD stack %23
W5 Z EIXAETH 5.

[6] DHTDG L TOFERE [5, Theorem 2.1] 1%, Y 2§5%ARATH %5 Z & & discrete Stein site I
T Sing0(—,Y) DHERHFEIZBIT % descent condition (finite excision) Z 7z 3 2 & MFEETH %



Z E 2T 5. AR SCTIARBUN 2 99 L AR 12§ % descent theorem [5, Theorem 5.1] &7
INTV3.

5.2 Oka property = local intermediate fibrancy

W@ 5.3 (local intermediate trivial fibration D FF#fF1} [6, Proposition 14]). Set3™” @ lo-
cal weak equivalence F — G % local intermediate fibration Tdb 5 Z L &, fEE D Stein ¢l
& X' — X TR L T homotopy right lifting property Z ;> Z & (i.e. Mapg.gmer (X,F) —
MapsetsAmop (X,G) XMapSetimop (X',@) MapSetSA“‘Op (X', F) 2% trivial fibration) (Z[FfETH 5.

SEER. EFE L D F — G 2% local intermediate fibration 12725 Z & & Cy DEHIZK L T right lifting
property # b Z L IZFAETH . MEFEZES Z LT, 2D I LIFEED n € N E{LED Stein @lér
X < X IZHT2RDKATY 7 EDBEET ST L LAETH 5:

HA™ F(X)

| |

A" — G(X) XG(X’) F(X/)

CHUFERED Stein @& X' — X I LT F(X) = G(X) xg(x) F(X') %5 trivial fibration (27
5L LAMETHB. O

%L_lt

Larusson @ [6] 128 1) % EFEHRITRD & 9 % local intermediate fibration DRHEN T 2 5.2 5.
B 5.3 DY L I35 % D TR R,

EHE 5.4 (local intermediate fibration DR AT [6, Theorem 19]). Set3™™ D% f: F — G I
X LT local intermediate fibration TdH 5 Z & &, fEED Stein @& X' — X 1T L TRD 5
N A RVAC R AN

1. F(X) = G(X) xg(x) F(X') %% Kan fibration.
2. fEE DA

nr

X' F II(F)
Ll e
X G s 11(G)

B2 7 oMo D5
(nF)« MapX’¢Setit“Op¢G(Xa F) — Mapstetgmc’%n(o)(X,H(F))
¥ weak equivalence.

EE 5.5. (1) i 3.7 23 2 LT, &M 5.4 D—DOHDEMD (global) intermediate fibration
DRI Z G522 2 L2300 % (M 5.3 DA% 2 X).

8



(2) SEHE 5.4 D DDEIT X' = 0 L5 L, @l 4.3 0B 5 T(F),T(G) 7 fibrant £ %% & 9
% F — G 128 % local projective fibration D#%+435E3HTL 5.

% 5.6 (Oka property = local intermediate fibrancy [6, Corollary 20]). IEHIEE 7 : Y — B 230
TH 5 2 L L local intermediate fibration TH 5 Z L IX[FAMETH 5. FHICHEZELRAEDMTH S 2 &
& local intermediate fibrant T 5 Z L IX[FMETH 5.

SERA. R 5.1 LFERICL T, Y — B ICRT 2 EM 5.4 DEMADMERED Stein @& 1 : X' — X
R L CRD DI D SeD 2 & LRl &b

1. 0(X,Y) = O0(X,B) xgx,By O(X',Y) % Serre fibration.

2. LR DX

X ——Y

|

X ——8B
CBT B EAEY 7 F 0% Lo(X,Y) 25854 Y 7 L 0% Ly (X,Y) ~OEEM weak

homotopy equivalence.

UTTRINSDEMEDHTH 270 D5M (€8 1.2) LRAMETHE I EE2RS. €, (X,Y) =
{fe?€X,)Y):mofeOX,B), fore O(X"Y)} &&WwTHHAK

Lo(X,Y) —— O(X,Y) — O(X, B) X g(x'.5) O(X,Y)

| i

L%(X, Y) %(gﬂyb(X, Y) I ﬁ(X, B) Xﬁ(X’,B) ﬁ(X/,Y>

|

%(Xu Y) - %(Xu B) X€(X',B) %(ley)

ZHEZ 5. X' — X b (Serre DML T) cofibration TH % Z & 0645 F DK% 413 Serre fibration
TH 5. AT DMUMD pullback square TH % Z & EIBDEMD S, 7 DK 513 4T Serre
fibration TH %. it > T Lo DA fibration sequence DEIDEH TH b, LD EE 725D weak
homotopy equivalence Tdh % Z & & HIRDIEE 4 H15Y weak homotopy equivalence TH 5 Z & 1 [F
i CTh 5. O

il 4.3 2> 6 ROMEHUZ 77 B

Wi 5.7 ([6, §22]). T'(F),T(G) % fibrant £ 722 b DDMD SetS™ OB f: F — G IcHL, f 28
local intermediate fibration Td % Z & &, intermediate fibration %> local projective fibration T
H 5 LIFFME. FHC F e 8eti™” % local intermediate fibrant T& % 2 & & | intermediate fibrant
> local projective fibrant TdH 5 Z & 1X[FIME.



CNEHER 5.5 o ROMEROFEN IR o NS (kR 1.2 & Y X).

% 5.8 (6, §22]). IEHIE&R 7:Y — B DMEHRTH 2 Z L &, fERED Stein tb& X' — X ITHL
TRD ZEMDIED 32D T &R

1. 0(X,Y) = O0(X,B) xgx/,By O(X',Y) % Serre fibration.
2. OX,Y) = {fe€X,Y):wofeOX,B)} % weak homotopy equivalence.

RICHRZRE Y BHETHs L L, Y PEMPOMLEED Stein @& X' — X ITHLT
O(X,Y)— O(X',Y) %% Serre fibration TH % Z L DIAMHIC R 2D, 2D L IFER» SEERT
EHTED (cf. [6,616]). bbAAZORMEMEIZEM 1.3 205 bEBIHE.

fibration DEIEAY fibrant 7% & (X %E FIHAS fibrant TH % Z EFEEPSHS 2 TH %23, local
intermediate structure TIZ Z DS D 2D, THUIRLERIEDIERE 1.3 D L 5 12K % Stein
GRTZHOTREM T o 2 L DOfiiH IR TH 5.

Rl 5.9. 7: F — B 2 EFE LR EHZMERTH L LTH. ZDLE EPHTHL I L
¢ BATH B LIFAETH B.

A BHRZEMOKREME—E

Y Z25MEMRE LT 5. D% DEED Stein ZRE X ICH LT O(X,Y) — €(X,Y) » weak
homotopy equivalence 1272 % £\29 2 & TH -7z, Z#H3\>D homotopy equivalence 127 %5 %%
Z5.

ER AL (1) BRZERIZ locally compact T IF#UE CW BIRICZ2 6 70 2 LR T 5 (BEAEL
HRETH 572 0).

(2) functorial homotopy inverse 23fF1E S % 7> & v ) Bl D BERPE V>, simplicial 12 2 % & ob-
jectwise weak equivalence ny : Y — II(Y) 2% simplicial homotopy equivalence T % %> & > 9
ZETH DD, B L injective cofibration ny 2% projective cofibration Tb H UL ny 13 simplicial
homotopy equivalence |27 % (B 5.1 & [2, Corollary 9.6.5] Z2 Hv> X).

[5, Theorem 2.2]  affine algebraic manifold X (2%} L T right homotopy inverse 23f£{E$ % Z
EMRIN, [9] T ANR (absolute neighborhood retract) D #gmz TR X ) IS 7.

e A.2 (]9, Proposition 8]). X 2% finitely dominated (i.e. idx DI 2287 + gz FFO>EH
IZ homotopic) 7 Stein manifold T O(X,Y) — € (X,Y) % weak homotopy equivalence 75 & right
homotopy inverse %z H .

Z DfinE & ANR property @ Dugundji-Lefschetz characterization % M\ >C Y %A TH
2 EVIHNMRED D & TRIRI LT,

10



EE A3 ([9, Theorem 1]). X ZHRMEADEH L b 720\ il% B FMERE Morse BI% % £
D Stein HIRIRE L, Y WSk ET 2. 2DLE OX,Y) 13 €(X,Y) D strong deformation
retract TH % .

PUFCIRIFHIEGOZER O R E b € =% Z OO IFHI B D A 5 HICTE 50 &\ 9 8
BEZD.

|An :{(ZL’(),...,{En)E[0,1]n+1;x0+...+xn:1}
Db b i
|An|(cz{(z0,...,zn)€@n+1:ZO_|_..._|_Zn:1}

%HZZ % LT, singular set Sing(Y) & FIERIC affine singular set SingY € Seta % Singe(Y),, =
O(|A"|c,Y) TEDZ. ERD n e N ITH L THIREGHR O(A™c,Y) — C(A™],Y) IZHH 2 DT,
H#X 7% cofibration Sing(Y) < Sing(Y) 23§50 5.

JER A.4. Y 7 Brody BHHHY (i.e. B C — YV 3 TER) % 5 1F Sing(Y) 13 discrete TH 5.

EIE A.5 ([8, Theorem 1]). %K Y 2% L T cofibration Sing(Y) — Sing(Y) & strong
deformation retract DEETH 5.

EHIESR X x A" e =Y 25 X% 2 T, IEHEHRDOZE/M D affine singular set Sing0(X,Y)
LERT DI EMNTEL. LOEMHIZ I ORI THHLY 32D,

EE A.6 ([8, Theorem 2|). YV ZILAE L T2 &, fERD Stein ZHRIE X 12642 D04
Singc0(X,Y) < Sing0(X,Y) < Sing?'(X,Y)
3EL 5L Kan compler DD weak equivalence TH 5 .

ER AT Y DPEMALEKAETH S I L L Sing0(X,Y) — Sing?(X,Y) 2% strong deformation
retract D& TH 5 Z L IZFAETH 5.

EHDORER [4, Corollary 3.1] ZH\» 3 & /EDHHY weak equivalence 1272 % Z & 23, iR % Ff
BT e300 5.

F ALY PEMETH S I L L SingcO(X,Y) < Sing0(X,Y) 3 strong deformation retract
DEETH D Z LIFHEETH 3.

(F8%B  Seti™” ICd1F B mapping cylinder

ETNVEICEBT A% f: F — G D mapping cylinder Cyl(f) &1, cofibration ¢ : X — Cyl(f)
& trivial fibration (HLIZ weak equivalence DE&5b H2) 7 : Cyl(f) =Y D4 f =701t D
ETH5.
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DUF T [7] 12> T, ZD2DE T AMEICE T 5 Stein ZARAED D IEHIE D mapping cylinder
Zio, ZDIoH R ER2R S,

B.1 local intermediate structure

X,Y % Stein £k & L, X IEBRRICTHS LT3, IEHIER f: X — Y D local intermediate
structure 12 %} % mapping cylinder ZfE L & 9: RE L DEHLOIAA i : X — CN MFET 5.
et

Cyl(f) = Cyl(f)ins = Y x CN, v = (f,4) : X = Cyl(f), m: Cyl(f) =Y, (y,2) =y
LEFT S L, local intermediate structure T? f @ mapping cylinder %52 %.

Larusson 13 2 DB & L CHRREMEMERUEH 2 < Z & DFEW ([7, Theorem 1)) 5, <TdH %
Stein Z#&fE2% Gromov O ellipticity %7z 9 Z & DHIGEH ([7, Theorem 2]) %5 2 7.

B.2 local projective structure

X,Y % Stein ZHEE L, f: X - Y ZIEHIEH L T3, (local, global i/j®) projective
structure (21} % f @ mapping cylinder Cyl(f) = Cyl(f)proj 1FKD (Seta IZFIF %) pushout
TRoNns:

f

X——Y

I

X x A —— Cyl(f)
RDKA D pushout square TH 2 Z LICHET 5:

xux Ml yux

S

X x Al ——= Cyl(f)
INGITEIT BEES Lo, L1 DEHZIZHS ) TH A ).

e B.1. & X - YUX — Cyl(f) Z ¢ £ L, pushout DML 6 5.2 655418 Cyl(f) - YV
Z 7 &3 5L (local, global Wi J7D ) projective structure \ZEF 5 f D mapping cylinder \27% 5.

SEEA. Y U X — Cyl(f) & projective cofibration ® pushout 7 @ T projective cofibration TdH b,
¥ 7z Stein 1K Y 23 projective cofibrant %2 DT X — Y LU X & projective cofibration T 5.
> TINGDHIWTH % 1 b projective cofibration TH 5.

7 Y — Cyl(f) 1 objectwise trivial cofibration X — X x Al @ pushout 7 ® T object-
wise weak equivalence TH 5. fiE>T Y — Cyl(f) D left inverse TH % m b objectwise weak
equivalence TH 1, F#IZ local weak equivalence TH & 5. O
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EE S, WREMkE Z ~OILEDH Cyl(f) — Z 13 Homgygumer (Y, Z) = O(Y, Z) DTG ¢ &
Homgggener (X x A, Z) = Homgeq, (A, Mapggseer (X, Z)) = (Sing0(X, 2))1 = €(1,0(X, Z))

DTG Y DT po f=u(0) ZhiTHDE IR LITMNIBT S, 72720 I=[0,1] TH%. 2EhHH
Cyl(f) = Z &, EHIBEBROFE I E— X xI = Z T0€l T f2lloTHETob0E 1011
XIS 5. ##FE Top 12T %% D mapping cylinder Cyl(f)iop =Y Ux (X X I) 26 Z ~Dji
GBRTEAITAATIEHIGR LD EZE>THRLUTHS. O LDIEHE L TRPBHOENS.

% B.2 ([7,p.1151])). X, Y % Stein ke L, f: X =Y 2 EHERETZ. Z IO f
D3 homotopy equivalence TH 57>, Z D3lfia e 5Ltk Tdh 5 LIRET 2. 2D & ZEFDIEA]
G X - 7 BEFHBEROFEIE—ICLD) f: X Y Z2lloCO@BT2HDIEHTE S.

SEER. E5 5 DGAELRAKOMHTH 2D T, ~OHDIKREDEEL T %2R T. f 5 local weak
equivalence TdH % Z & (fi 3.8) & 7 2% local weak equivalence TH 5 Z D6, 1 : X — Cyl(f)
I¥ local projective trivial cofibration Td 5. a1 & Z 2% local projective fibrant Tdh % Z &
(EH 5.1) 25 * : Mapg,simer (Cyl(f), Z) — Mapgsumer (X, Z) = Sing0'(X, Z) I3 trivial Kan
fibration T& 1), vertex level TD 44 Homgysemer (Cyl(f), Z) — O(X, Z) ZH <. O

B.3 Quillen model structure

X,Y % Stein ZHkfA L L, f: X - Y ZIEAIGHR LT 5. 2 2T Quillen €7 NUEED A 7
fzHZEMI DB Top 12 1 %% O mapping cylinder Cyl(f) = Cyl(f)top = Y Ux (X x I) Z2F 2
5. X 23 CW #HiEokdzFro7- o, fd B.1 OFEH & FREIC X — Cyl(f) DD (Serre DR
T) cofibration (2% % Z &30 5.

WM& B.3. Stein ZHREDOMOIEHEHR f: X - YV LyMSHKkE Z L, O, 2) —
C(Cyl(f), Z) x¢(x,z) O(X, Z) & weak homotopy equivalence TH % .

SEER. Al

oY, 2)

i

C(CYI(f), Z2) X¢(x,2) O(X,2) —= O(X, Z)

| |

¢(Y,Z) ¢ (Cyl(f),Z) C(X,7Z)

T LA DEE LB weak homotopy equivalence TH 5 Z & &4 T DIKF-72 5423 Serre fibration
Th s, ETDKFERED weak homotopy equivalence TH % Z & LHL N TH 5. O

[ BHMOIARTH 2561 LOMEZHVE I L TREZRT I ENTE S.
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% B.4 ([7, p.1152]). X % Stein Z8RME, Y 255MERIE, f € €(X,Y) 2855 ET5. b L
f % Stein 2> %7 NES (ie. SteinEfEME b Oa v 8y VER) O TIEAZR S, 2D kI K
FRE@ELFEPE—T f ZEHIEHR X - Y KABTES.

(FHRC  SetS™™ €& B (co)fibrant model

EFNVEDOEHED S Setd™” DILEDOMRITH L T (co)fibrant model FFET 228, & 2 T
FELRIED (co)fibrant model & L THWEEBELRETH 2 bDBHET 20 WIHEZEZ 5.

C.1 cofibrant model

8etAn”™ D& 7 LM & L T local intermediate structure %% Z 2. HELHE X D cofibrant
model THUOEZELKREICHR 2 X 9 &b DX, Stein LHRIE X o (intermediate cofibrant) 2> & D
homotopy equivalence TbH % & 9 %[5 (local intermediate trivial fibration) Xeof — X DT &
ThHb. 2D X 7% cofibrant model Z# 2 2 TN EEE & L T, Stein AR ICH L TiE Gromov
?D ellipticity &9 [TH % 7 0 DML e b B HRAEBEET S 2 L LmdE 5.9 2256, 2D X
9 7% cofibrant model 23F{ET % & ML IRAEDRMAN LR T 2[5 2 LB TESL LWV L DR
H5H. b)) —DO0HHEL L TE, LoD Stein ZHRAEDP S X ~DIEHIERDI 2T Xeor 2> T (—H
I EIFIRS 2Wwd) 9fRd 2 &) BIRZEROLIE 2FO L) T E03dh 5.

Lérusson [7] |& Jouanolou trick Z M\ TIEE D quasi-projective manifold @ [11Z affine bundle
T total space 2% Stein TH 2 b DZREL L 72. [ 7 74 N—% b DIEHI 7 7 A N —HUIT R D i Tib
Nz k) ICHBBRTH 2 DT, [7] ITB T 25k 6 XDE .

@ C.1 (cf. [7]). KROLKI2 W THELIED 7 T ADET 5

1. 77 ANDIEREDEEL IR cofibrant model THOEELIRKIETH 2 bDERFD.
2. fEE D Stein A L quasi-projective manifold % & .
3. M, w08, AIRoE, PHER T ki, il omi2ei 2 2 #ECE L Tw 5.

C.2 fibrant model

Stein Ak X 12X L T, Stein %A X5, ~® homotopy equivalence TH % X 9 7 Stein
& X — Xgp, & fibrant model 1272 %. Z3UZ Stein ZHRED C* ~DOMDIAAREHE 2P 5 Z &
T, A€ P E—HZLRD Stein MAZLIRAENDIDIAREI 2R 2 LK 2 L v ) [HE & Bz
B9 % . Ritter [11, 12] (ZFH Riemann [fi7% elliptic manifold 124 € F ©—M 2 {f> TH®IAL Z
EWTE, FIZT7 227 ZADEAIIERE LT Cx C* 25 2 2R L7, BHFF ATkl & D
& 9 7% Stein ZARIKISH LTI D2 EDE D LoD A ST,
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